Abstract. We study oscillations of the remainder term corresponding to the counting functions of the sets of elements with unique factorization length in semigroups of algebraic numbers such as the semigroup of algebraic integers or totally positive algebraic integers in a given normal field K. The results imply existence of oscillations when the exponent of the class group of the semigroup in question is sufficiently large depending on the field's degree. In particular, when K is a quadratic field or a normal cubic field oscillations exist whenever the class group is not isomorphic to C a 2 ⊕ C b 3 ⊕ C c 4 for nonnegative integers a, b, c. The main part of this study is concerned with the problem of multiplicative independence of Hecke zeta functions. We also show that there are infinitely many fields whose Dedekind zeta function has infinitely many nontrivial multiple zeros.
Introduction and statement of results
Let K be a normal algebraic number field, O K its ring of algebraic integers, I(O K ) the semigroup of nonzero ideals, and H * (K) the class group of K in the narrow sense. We denote by S Γ the semigroup of nonzero ideals of O K whose classes belong to a subgroup Γ of H * (K). The semigroup S Γ is a special case of the generalized Hilbert semigroup defined by F. Halter-Koch [4, Beispiel 4] ; cf. also [3] . In particular, for appropriate choices of Γ , we recover the reduced multiplicative semigroup of O K (the case studied most extensively) or the reduced semigroup of totally positive algebraic integers in K, with multiplication.
S Γ is a Krull monoid (cf. [4] ). We denote its class group by Cl(S Γ ) and its class number by h. We identify characters of Cl(S Γ ) ∼ = H * (K)/Γ with the corresponding characters of H * (K) and I(O K ). We recall that the Galois group Gal(K/Q) acts on H * (K) and hence on the characters group H * (K). Let Gal(S Γ ) denote the set of automorphisms σ ∈ Gal(K/Q) such that σ(Γ) = Γ. Clearly Gal(S Γ ) acts on Cl(S Γ ) and on the characters group Cl(S Γ ) < H * (K). Suppose further that the orbits of χ ∈ Cl(S Γ ) in the actions of Gal(K/Q) and Gal(S Γ ) are the same. In the most important cases named above we have in fact Gal(S Γ ) = Gal(K/Q), because Γ is invariant under the action of Gal(K/Q). Let
denote the Hecke zeta function corresponding to χ ∈ H * (K) and ζ K (s) the Dedekind zeta function. Let S denote the Selberg class (see, e.g., [7] or [6] ). For any complex function F (s) regular in a certain half-plane Re s > σ 0 and non-vanishing in a halfplane Re s ≥ σ 1 > σ 0 , such that arg F (σ) is close to 0 when σ is real and large, we choose the branch of log F (s) such that Im log F (σ) is close to 0 when σ tends to +∞ and extend it in the unique way to the half-plane σ > σ 0 with cuts from the edge of the half-plane to the zeros of F (s). Following this convention log s stands for the principal branch of the logarithm and log S denotes the set of logarithms of functions from S (cf. [6] ). The multiplicity of a zero of a complex function F (s) at s = , ∈ C, is written as m( , F ). For a set A ⊆ S Γ the zeta function associated to A is
We use the notation U for the subgroup of Cl(S Γ ) generated by U , and χ|U for the scalar product of χ ∈ Cl(S Γ ) and the characteristic function of U ⊆ Cl(S Γ ):
C n is a cyclic group of order n, ϕ is Euler's function, and |U | the number of elements of a set U . Let G 1 be the set of elements with a unique factorization length in S Γ , i.e. elements a ∈ S Γ such that every factorization of a into irreducibles in S Γ has the same length. Let G 1 (x) denote the counting function of G 1 , i.e. the number of elements a ∈ G 1 with N(a) ≤ x. It is well known (cf. [1] ) that G 1 = S Γ if and only if h ≥ 3. We study irregularities in the distribution of elements with a unique factorization length in S Γ . Our results imply the existence of oscillations of the counting function G 1 (x) around its main term (in a sense made precise further on) for K and S Γ such that the exponent of Cl(S Γ ) is sufficiently large, depending on the degree of K. In particular, oscillations exist when K is a quadratic field or a normal cubic field, and Cl(S Γ ) is not isomorphic to C In [10] we studied irregularities in the distribution of elements of various sets of algebraic numbers with prescribed factorization properties, including G 1 . The oscillatory behaviour of the function G 1 (x) could then only be shown with extra assumptions, either combinatorial (cf. also [12] ) or analytic (related to multiplicities of zeros of Hecke zeta functions), that we conjectured to be always satisfied. Here we do not assume such conjectures, but restrict ourselves to the case of normal fields.
Our results are based on the study of multiplicative independence (i.e. linear independence of logarithms) of Hecke zeta functions associated to characters of H * (K). We use it in the investigation of singularities induced by products of complex powers of Hecke zeta functions. Multiplicative independence is also an assumption of the Functional Independece Theorem of J. Kaczorowski and A. Perelli [6] , although it is not essential for the application of this theorem (cf. [10, 6] It should be noted that the multiple zeros in the last corollary are directly related to ζ K (s) being divisible by a higher power of another L-function. If ζ K (s) is a product of distinct primitive functions in the Selberg class we expect that all but finitely many of its nontrivial zeros are simple, according to the "simple zeros" and "distinct zeros" conjectures (cf. [7] for these and other conjectures concerning the Selberg class).
The description of elements with a unique factorization length is based on the theory of half-factorial sets. For a subset U of an additively written finite abelian group G, a block over U is a formal product g∈U g α g with α g ∈ N ∪ {0}, g ∈ U , such that the sum g∈U α g g equals zero; cf. [8] and [9, Chapter 9]. The set B(U ) of such blocks with multiplication is a Krull monoid. The set U is called half-factorial
cf. e.g. [14, 16, 2] . Let µ(G) be the maximum cardinality of a half-factorial subset of G. The function ζ(s, G 1 ) can be shown to be regular around [ 
the main term of G 1 (x), similar to [5] and [6, theorem 3] . We say that a real, piecewise continuous function f (x) is subject to oscillations of lower logarithmic frequency γ and size x θ−ε (for γ ∈ (0, +∞], θ ∈ R) if there exists an increasing sequence of positive real numbers (x n ) ∞ n=1 , lim n→∞ x n = ∞, such that:
(1) We have f (x n ) = 0 for each n and the signs of f (x n ) alternate. In a joint paper with Wolgang A. Schmid [12] we show, using combinatorial methods, that if Cl(S Γ ) has a half-factorial subset U with |U | = µ(Cl(S Γ )) not generating Cl(S Γ ), then Cl(S Γ ) satisfies a combinatorial condition necessary for the application of Theorem 4 (Section 2; cf. also [10] ), and G 1 (x) − M (x) is again subject to oscillations. On the other hand, if U is a generating subset of Cl(S Γ ) and ϕ(ord X) ≤ |Gal(S Γ )| for all X ∈ U , then we note that there are only finitely many m ∈ N such that ϕ(m) ≤ |Gal(S Γ )|. Hence the exponent of Cl(S Γ ) divides the least common multiple of all such m. Therefore Corollary 3 implies the existence of oscillations of G 1 (x) − M (x) provided that the exponent of Cl(S Γ ) is sufficiently large, depending on the degree of K. Corollary 4 implies the existence of oscillations in the case of quadratic and normal cubic fields when Cl(S Γ ) is not isomorphic to C The author wishes to thank Professor Jerzy Kaczorowski for his help during the preparation of this paper. Constructive remarks of the anonymous referee are gratefully acknowledged.
Preliminaries
Let Ω X (a) denote the number of prime ideal divisors of a ∈ S Γ belonging to the class X ∈ Cl(S Γ ), counted according to their multiplicities. For U ⊆ Cl(S Γ ) and
The set G 1 is a union of a finite number of sets N U,A with half-factorial U ; cf. [13, 14, 15] . This allows us to describe the analytic properties of the Mellin transform of G 1 (x) using the functions ζ(s, N U,A ); cf. also [5, 10] .
Lemma 1. We have
where We also need some other results from [10] and [11] as well as the lemma of J. Kaczorowski and A. Perelli on multiplicities of zeros of functions from the Selberg class. Ω, and α i,j (i = 1, . . . , n, j = 1, . . . , m) complex numbers. If the function F 1 (s), . . . , log F k (s), s) ,
Lemma 3 ([10]). Let Ω be the interior of {s ∈ C : Re s > f(Im s)} for a real
has a regular continuation in Ω, then
where
Theorem 4 ([10]). Let
where 
where m ≥ 0, w j ∈ C, and P j are polynomials with coefficients regular in |s − | ≤ η, j = 1, . . . , m, can be uniquely represented in the form Lemma 5 (Kaczorowski, Perelli [6] ). Let log F 1 , . . . , log F N ∈ log S be linearly independent over Q and let ν( ) = (m ( , F 1 ) , . . . , m( , F N )) for every ∈ C. N -tuples ( 1 , . . . , N ) of nontrivial zeros of 
Then there exist infinitely many disjoint

Multiplicative independence
In this section we prove Theorem 1 and its corollaries.
Proof of Theorem 1. First, suppose χ, ψ ∈ H * (K), and χ = ψ • σ for some σ ∈ Gal(K/Q). Then, obviously
We complete the proof of (ii) and (i) by showing that log ζ(s, ψ 1 ), . . . , log ζ(s, ψ k ) are linearly independent over Q. Let α 1 , . . . , α k ∈ Q be such that
and let O be any orbit of the aforementioned action. We are going to show that
Let P 1 be a prime ideal of first degree in a class belonging to O, and let p be the prime number lying under P 1 . Then we have
for some e, g ∈ N, P 1 , . . . , P g distinct prime ideals, N(P i ) = p, i = 1, . . . , g. We recall that Gal(K/Q) acts transitively on {P 1 , . . . ,P g }. The coefficient at p −s in the Dirichlet series of log ζ(s, ψ i ), i = 1, . . . , k, equals
and (4) is clear from (3) . Hence, for all X ∈ H * (K) we have
and by linear independence of the characters (
Proof of Corollary 1. By considering decompositions in the form of (5) we see that the automorphisms induced by Gal(K/Q) on H * (K) are identity and inversion:
Proof of Corollary 2. Indeed, let K be a quadratic number field whose ideal class group H(K) is not isomorphic to C k 2 , k ∈ N ∪ {0}. Let K H be the Hilbert class field of K. There exists a character ψ ∈ H(K) such that ψ = ψ. We have
2 , and so has multiple zeros at the points where ζ(s, ψ) has nontrivial zeros.
Oscillations of the error term of G 1 (x)
In this section we prove Theorem 2. For a finite abelian group G and a complexvalued function f defined on G letf denote the Fourier transform of f , i.e.f is defined on the characters group G bŷ
Let char U denote the characteristic function of a subset U ⊂ G. We also use the following equivalence relation in G: g ∼ g if g = g . We are going to study singularities of functions involving complex powers of the form (s − ) χ|U m for some m ∈ Z, χ ∈ Cl(S Γ ), U ⊂ Cl(S Γ ), ∈ C. Rationality of the exponent depends on whether or not the Fourier transform of char U is rational-valued. Proof. Let [g] denote the equivalence class of g ∈ G in the relation ∼. Let A be the set of functions f : G → Q such that the image off is contained in Q. A is closed upon multiplication, because the Fourier transform of f 1 f 2 , for f 1 , f 2 ∈ A, is a convolution off 1 andf 2 , so its image must be in Q. Clearly A with the standard addition and multiplication is a commutative algebra with a unit over Q. The assertion states that the characteristic functions of the equivalence classes form a basis of A.
Let g ∈ G. For each H < g the function char H belongs to A, as the sum of values of a character over H is either 0 or |H|. We have
The functions char [g] are pairwise orthogonal idempotents that sum up to 1. Hence
where the sum is taken over distinct equivalence classes. It remains to show that each f ∈ char [g] A is constant on [g]. To this end consider
, and f 1 (g) = 0. Let n = ord g. For k = 0, . . . , n − 1 we have
Let χ ∈ G be such that χ(g) = e 1 n . Then
The polynomial
has rational coefficients and P e 1 n = f 1 (g) = 0. Hence for each k = 1, . . . , n relatively prime to n we have
is an algebraic conjugate of e 1 n . Hence f 1 is equal to zero and f is constant on [g]. Our main technical result is the following. Proof. Let m( , χ) denote the multiplicity of a zero of ζ(s, χ) at s = , χ ∈ Cl(S Γ ), ∈ C. We are going to be brief in the part of the proof similar to the argument in [10] . We can assume The assertion now follows from Theorem 3; cf. also the analogous argument in [10] .
Proof of Corollary 3. Let U and X ∈ U be as assumed. First we show that for each σ ∈ Gal(S Γ ) there exists at most one k ∈ N, k < ord X, relatively prime to ord X, such that σ(X k ) ∈ U . Indeed, if σ(X k ) ∈ U and σ(X k ) ∈ U , k = k, then let a ∈ N, a < ord X be such that ka ≡ −k (mod ord X). We have a ≤ ord X − 2, so considering the block σ(X k ) a σ(X k ) we see that a ord X + 1 ord X < 1, a contradiction with half-factoriality of U . Since ϕ(ord X) > |Gal(S Γ )| there exists a k as above such that σ(X k ) / ∈ U , σ ∈ Gal(S Γ ). We have X k = X and the orbit of X k in the action of Gal(S Γ ) has no common elements with U while the orbit of X contains X ∈ U . The assertion follows from Theorem 2.
Proof of Corollary 4. In this case we have |Gal(S Γ )| ≤ |Gal(K/Q)| ≤ 3. The equation ϕ(ord X) ≤ 3 is equivalent to ϕ(ord X) ≤ 2 and has no other solutions but those listed in the assertion.
